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Mean-field coupling of calcium oscillations in a multicellular
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Abstract

In a multicellular system of rat hepatocytes and even in an intact liver, cytoplasmic calcium oscillations are synchronized and highly
coordinated. In this paper, the mean-field coupling term has been introduced to describe the coupling flux, which is more efficient than gap
junctional coupling terms. An optimal coupling strength and an optimal stimulation level for the synchronization of the coupled system have been
observed in this paper. Moreover, it has been proved that these results are independent of the cells number. Interestingly, it has been observed that
the intracellular noise and the extracellular noise have different effects on the synchronization of the coupled system.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that biochemical oscillations are encoun-
tered at all levels of biological organization [1]. Isolated hepa-
tocytes as well as many other cells, exhibit cytoplasmic Ca2+

oscillations upon the stimulation with low concentrations of IP3
(inositol 1,4,5-triphosphate)-dependent agonists [2,3]. Cyto-
plasmic Ca2+ oscillations in hepatocytes play important roles in
regulation of many intracellular physiological processes [4–8].
For example, Ca2+ regulates phosporylation–dephosphoryla-
tion cycle process involved in glycogen degradation, which had
been investigated theoretically [9–11].

On the smaller scale of isolated hepatocyte couplets,
cytoplasmic Ca2+ oscillations in adjacent cells demonstrate
near-synchrony coordination [12]. This coordination has been
extensively investigated from both experimental [12–14] and
theoretical [15–19] points. Considering that many theoretical
studies have ignored effects of IP3 level (an important second
messenger, can combine and activate Ca2+ channels on
endoplasmic reticulum, ER), we have investigated effects of
the IP3 level and the coupling strength on synchrony of Ca2+

oscillations in two coupled cells [18]. It has been found that: gap
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junctions permeable to calcium and to IP3 both are effective on
synchronizing Ca2+ oscillations in coupled hepatocytes; the
relationship between locking rates of Ca2+ oscillations and
coupling strength reveals a devils staircase-like structure, which
demonstrates that there exist both 1:1 phase locking and various
harmonic-locking of intercellular Ca2+ oscillations; cross-
correlation analysis suggests that there exist optimal coupling
strength and IP3 level to obtain the most orderly coupled
system. Because there are few investigations about stochastic
effects and noise strength in coupled hepatocytes, we have
explored effects of noise on synchrony of stochastic Ca2+

oscillations in two and three coupled cells [19]. It has been
found that: with the increasing of coupling strength, the
interspike interval (ISI), phase difference (Δϕ), cyclic relative
phase (Φ) and its distribution all transform from unsynchronized
state to synchronized one; signal-to-noise ratio in two
parameters space (coupling strength–total Ca2+ channel
number) suggests that there exists coherence resonance for
two and three coupled hepatocytes.

Previous studies focus on coupled hepatocytes with small cells
number [15–19], however, in an intact liver, Robbgaspers and
Thomas [20] and Nathanson et al.[21] found that cytoplasmic Ca2+

oscillations evoked by IP3 linked agonists were organized as
coordinated periodic waves across whole liver lobules (about 500
cells). For a biological system that coupled by many elements,
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coupling terms denoted by gap junctional fluxes are complex and
low efficient. Now a question to be raised is that if there exist
another efficient and correct description to deal with a coupled
multicellular system? In this paper, a global coupling flux described
by a mean-field term has been introduced, which had been used in
coupled circadian oscillators [22], to our knowledge, has never
been used in calcium dynamics. Considering that a liver lobule
always present sixangles prism with 2 mm length and 0.1 mm
width, calcium wave propagates at a velocity of 50–150 μm s−1

[20,21] through the whole liver lobule (about 500 cells) in 1–20 s.
Moreover, in this paper, calcium oscillates in individual cell at a
period of 13–25 s. Based on the above-mentioned reasons, we
assumed that the release of cytoplasmic calcium is supposed to
become homogenous to establish an average calcium level. It is a
reasonable theoretical hypothesis to consider global coupling,
achieved through amean field, defined as the average concentration
of cytoplasmic calcium. Our findings in the article proved that a
mean field approach can be an effective way to couple a population
of hepatocyte's calcium oscillators.

In this paper, effects of the coupling strength and the
stimulation level on the synchronization of the coupled system
have been theoretically explored. The system studied here is
composed of 500 hepatocytes: a typical cells number of whole
liver lobules [21]. The order parameter O, the degree of the
phase synchronization S and the coherence of oscillations R
have been applied to measure the synchronization of the
coupled system. The results obtained by this different definition
are consistent. There exist optimal coupling strength and
stimulation level for the synchronization of this system.
Moreover, these results are proved to be independent of the
cells number. Interestingly, it has been found that the
intracellular noise and the extracellular noise have different
effects on the synchronization of the system. The former tends
to make the system disorder, and the latter exerts more complex
influence on the system.

2. Model

Our simulation is based on Höfer's model [16] and employs
stochastic Li–Rinzel model [23] to describe the channel flux. The
stochastic opening and closing of calcium channels are described
by Langevin method [24]. To consider the stochastic Ca2+

oscillations in coupled hepatocytes and effects of the IP3 level, the
model has beenmade some changes (seeRefs. [18,19] for details).

The balance equations for the concentration of cytoplasmic-
free calcium and the free calcium content of the whole cell in the
ith cell (xi and zi, respectively) are given by:

dxi
dt

¼ qðJin−Jout þ aðJrel−JSERCAÞ þ JcouplingÞ; ð1Þ

dzi
dt

¼ qðJin−Jout þ JcouplingÞ: ð2Þ

The index i denotes the ith cell, i=1, 2, …N. A conservation
of the total cellular Ca2+ implies the constraint: zi=xi+βyi. yi
denotes the free calcium concentration in the ER (endoplasmic
reticulum) of the ith cell. ρ, α and β are structural characteristics
of the cell. Expressions for these fluxes are:

Jin ¼ m0 þ mc
Pi

K0 þ Pi
;

Jout ¼ m4
x2i

K2
4 þ x2i

;

JSERCA ¼ m3
x2i

K2
3 þ x2i

;

Jrel ¼ ðk1m3
ln3lh3 þ k2Þð yi−xiÞ:

The expression of the coupling term is based on the
definition of the global coupling term in Ref. [22]. Moreover,
vc

Pi

K0 þ Pi
in the expression of the flux Jin (through the plasm

membrane from extracellular space into cytoplasm) has a
similar structure. The evolutions of xi and Pi is almost in phase
[18]. Therefore, the coupling term Jcoupling is described by:

Jcoupling ¼ c
gF

Aþ gF

The parameter γ describes the sensitivity of the individual
cell to environment and is referred below as the coupling
strength. If taking γ=0, Eqs. (1) and (2) describe the dynamical
behavior of isolated cells. In this paper, an average cytoplasmic
calcium level, or a mean-field F is established as:

FðtÞ ¼ 1
N

XN
i¼1

xiðtÞ

Pi denotes the intracellular IP3 concentration in the ith cell.
We have incorporated a general equation in this model to
describe the synthesis of IP3 by phospholipase C (PLC) and the
IP3 metabolism by IP3 3-kinase and 5-phosphatase [25]:

dPi

dt
¼ VPLC−VK

Pi

KK þ Pi

x2i
Kd þ x2i

−VPH
Pi

KPH þ Pi
ð3Þ

where VPLC is the velocity of IP3 synthesized by PLC.
Because that parameter VPLC depends on the stimulation level,
VPLC is referred below as a measurement of the stimulation
level.

This model assumes that three equivalent and independent
subunits are involved in conduction in an IP3 receptor. Each
subunit has one IP3 binding site (m gates), and two Ca2+

binding sites (one for activation (n gates), the other for
inhibition (h gates)). The fast variables m, n can be replaced
by their quasi-equilibrium values m∞ ml ¼ P

dPþP

� �
and n∞

nl ¼ x
da þ x

� �
[23]. The opening and closing of h gates in each
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IP3 receptor are much slower than those of the other two gates.
The random opening and closing of these channels introduce
stochasticity into the calcium release mechanism. The Langevin
equation for the fraction of h-open gates is then expressed as
[24]:

dh
dt

¼ ahð1−hÞ−bhhþ GhðtÞ ð4Þ

where Gh(t) is zero mean, uncorrelated, Gaussian white
noise terms with

hGhðtÞGhðt VÞi ¼ ahð1−hÞ þ bhh
M

dðt−t VÞ

ah ah ¼ d2
Pþd1
Pþd3

� �
and βh (βh=x) are opening rate and closing

rate for h gates respectively. M indicates the total number of
IP3R channels those locate on ER in one cell. For a multicellular
system, the structure of each cell is not identical. Höfer [16] had
investigated the synchronization of two coupled heterogeneous
hepatocytes and 3 had studied the effects of the degree of
heterogeneity. Therefore a small noise is introduced into the
structure parameter β to consider the heterogeneity of cells:

b ¼ b0ð1þ nðiÞÞ

ξ(i) is the Gaussian noise with zero mean value and its corre-
lation function is: 〈ξ(i)ξ(j)〉=σ2δij, where σ denotes the noise
intensity (here σ is set as 2.0). The values of these parameters
[15,18] are: ρ=0.02, α=2.0, β0=0.1, ν0=0.2 μM s−1, νc=
4.0 μM s−1, ν3=9.0 μM s−1, ν4=3.6 μM s−1, k1=40.0 s−1,
k2=0.02 s−1, K0=4.0 μM, K3=0.12 μM, K4=0.12 μM, da=
0.23 μM, dp=1.66 μM, d2=0.6 μM, d1=0.3 μM, d3=0.2 μM,
VK=0.075 μM s−1, VPH=0.075μM s−1, KK=1.0 μM, KPH=
10.0 μM, Kd=0.5 μM, c=5.0 μM s−1, A=1.0 μM s−1. The
parameter VPLC is considered as an important control parameter
Fig. 1. Snapshots of xi in 500 cells are shown at three different values of VPLC.
(a) VPLC=0.012 μM s−1; (b) VPLC=0.023 μM s−1; (c) VPLC=0.03 μM s−1. O
and the coupling strength γ is treated as a crucial free parameter.
To simulate the dynamical behavior of this model, Eqs. (1)–(4)
were integrated by the forward Euler algorithm with a time step
of 0.01 s. In each calculation, the time evolution of the system
lasted 1000 s after the transient behavior was discarded. The
Gaussian noise sources were generated at each integration step
by “Minimal” random number generator of Park and Miller with
Bays–Durham shuffle and added safeguards [26].

3. Results

To study the synchronization of a population of cells coupled
through a mean field, the system studied here is composed of
500 cells with individual structural parameter β.

The calcium dynamics of isolated hepatocytes have been
well characterized experimentally. There exists a critical agonist
dose above which a hepatocyte responds with regular Ca2+

oscillations. From bifurcation diagrams for Ca2+ in the coupled
multicellular system (data not shown), it can be seen that,
intracellular Ca2+ oscillations will occur at appropriate value of
VPLC and γ.

To investigate effects of the coupling strength γ and VPLC

(which reflects the stimulation level) on the synchronization of
stochastic Ca2+ oscillations, the evolution of xi for different
values of VPLC (Fig. 1) and for different coupling strengths γ
(Fig. 2) have been compared. When the stimulation or the
coupling is small, only a few cells are induced to oscillate
(Figs. 1a or 2a). When the stimulation or the coupling is big
enough, all cells are induced to oscillate and become syn-
chronous (see Figs. 1b or 2b). With the increasing of VPLC or of
γ further, however, synchrony of this system is weakened (see
Figs. 1c or 2c). Figs. 1 and 2 seem to suggest that, there exist
optimal stimulation level and coupling strength for the
synchronization of this system.

Because that the individual structural parameter of each cell is
not identical, a perfect synchronization cannot be achieved and
The gray scales from black to white represent xi from 0.1 μM to 1.1 μM.
ther parameter values are: γ=1.0 s−1, M=500.



Fig. 2. Snapshots of xi in 500 cells are shown at three different values of γ. The gray scales from black to white represent xi from 0.05 μM to 1.1 μM. (a) γ=0.2 s−1;
(b) γ=1.4 s−1; (c) γ=2.1 s−1. Other parameter values are: VPLC=0.02 μM s−1, M=500.

Fig. 3. (a) The order parameterO vs VPLC at a given coupling strength γ=1.0 s
−1.

Star: M=100; circle: M=500; triangle: M=108. (b) The order parameter O vs
VPLC at M=500. Star: γ=0.1s−1; solid circle: γ=0.5 s−1; triangle: γ=1.0 s−1;
open circle: γ=2.0 s−1.
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phase differences between some oscillators still persist, as ob-
served experimentally. To quantify how good the synchrony is, an
order parameter is calculated, which has been used tomeasure the
synchronization of multicellular circadian oscillators [22]:

O ¼ hF2i−hF2i
1
N

PN
i¼1

ðhx2i i−hxii2Þ

where 〈·〉 denotes the average over time. This parameter
measures the distribution of phases of oscillations and it is
ranging between 0 (no synchronous) and 1 (perfect synchro-
nous, with all oscillators in phase).

The dependence of the order parameter O on VPLC is shown
in Fig. 3. In Fig. 3(a), it can be observed that the coupled system
shows the strongest order at VPLC=0.02 μM s−1 when there are
100 IP3R channels (M=100) on ER of each cell, and that the
optimal value is VPLC=0.023 μM s−1 when M=500. Further-
more, the peak value of the order parameter O for M=500 is
bigger than that one for M=100. It can be easily understood
because that, if the number of IP3R channels is bigger, the
intracellular noise is smaller and then the system is more
orderly. However, when M=108 (close to deterministic case),
there is not an obvious peak value of the order parameter O,
although O is very big. Fig. 3(b) demonstrates that, if the mean-
field coupling strength γ is bigger, the peak value of O is
bigger. When the coupling is very small (e.g. γ=0.1 s−1), the
system that is composed of nearly isolated cells loses the
synchronization completely. Moreover, the optimal value of
VPLC increases with the decreasing of the coupling strength γ.

Effects of the coupling strength γ on the order parameter O
are demonstrated in Fig. 4, in which there exists an optimal
coupling strength. Fig. 4(a) is similar to Fig. 3(a). Fig. 4(b)
reveals that the optimal coupling strength γ increases with the
decreasing of the stimulation level VPLC, which is consistent
with results in Fig. 3(b). There seems to exist cooperation
between the coupling strength and the stimulation level.

Figs. 3 and 4 remind us of our previous work [18], which had
discussed two and three connected hepatocytes coupled by gap
junction. In that paper [18], the cross-correlation time τc shows



Fig. 4. (a) The order parameter O vs γ at a given VPLC=0.012 μM s−1. Star:
M=100; circle: M=500; triangle: M=108. (b) The order parameter O vs γ at
M=500. Star: VPLC=0.012 μM s−1; solid circle: VPLC=0.02 μM s−1; triangle:
VPLC=0.025 μM s−1; open circle: VPLC=0.03 μM s−1.

Fig. 5. Degree of the phase synchronization S vs γ at a given VPLC=0.012 μM s−1.
Star: M=100, N=500 cells; solid circle:M=500, N=500 cells; triangle:M=108,
N=500 cells; open circle: M=500, N=1000 cells.
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peak with the increasing of the coupling strength and the IP3
level, i.e. there exist optimal coupling strength and IP3 level for
the biggest coherence of coupled cells [18]. In fact, results in
Figs. 3 and 4 are in agreement with those results in Ref. [18]
qualitatively, because that VPLC is the velocity of IP3 synthesis
and it reflects the IP3 level.

To characterize the synchronization of the coupled multicel-
lular system, a phase is introduced into each cell:

/iðtÞ ¼ 2k
t−sik

sikþ1−s
i
k

þ 2kk;

The index i denotes the ith cell, i=1, 2, …N; the index k
denotes the kth spike, k=1, 2, …Ki. τk

i is the time of the kth
spike in the ith cell, which is determined by the threshold value
of xi(t) at x=0.2 μM. The quantity

si ¼ sin2
/i−/iþ1

2

� �
;

measures the phase synchronization effect of neighboring
elements [27]. A spatiotemporal average of si, i.e.,

S ¼ lim
TYl

1
T

Z T

0
dt

1
N

XN
i¼1

si

 !
; ð5Þ

gives a measure of the degree of the phase synchronization in
the coupled system. For completely unsynchronized motions
S≈0.5, while for globally synchronized systems S≈0. Fig. 5
shows the dependence of S upon the coupling strength, which is
consistent very well with the result in Fig. 4(a). On the other
hand, to test whether these results are correlative with the cells
number, the curve for 1000 coupled cells (open circles in Fig. 5)
has been plotted, which completely accords with that curve for
500 cells. Therefore, results obtained in this paper can also be
applied to other systems with different cells number.

To measure the temporal coherence of noise-induced motion,
distribution of pulse duration Tk

i=τk+1
i −τki are examined. A

measurement of the sharpness of the distribution, for example,

R ¼ hTi
kiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hðTi
kÞ2i−ðhTi

kiÞ2
q

;
ð6Þ

where

hðTi
kÞni ¼

PN
i¼1

PKi

k¼1
ðTi

kÞn

PN
i¼1

Ki

provides an indication of the coherence of spike events. In short,
R is the ratio of the average and the standard deviation of the
pulse duration and is a kind of signal-to-noise ratio in the sense
that periodicity with repetitive firing at fixed pulse duration is a
signal [28,29]. It should be noted that R is the reciprocal of the
coefficient of variation in a point process that is widely used in
the field of neuroscience [30–32]. Biologically, this quantity is
of importance because it is related to the timing precision of the
information processing in some important systems [33]. Here
the same definition has been adopted to measure the coherence
of Ca2+ oscillations, with the distribution P(T) constructed by
pulse durations of all cells during a long enough period of time.

From Fig. 6, it can be observed that, for very weak noise
(M=108), a small coupling strength γ can make the system to
gain a high coherence. With the increasing of the noise strength,
for all values of the coupling strength, the coherence of spike
events is not strong. But there still exists an optimal coupling
strength γ whether the noise is big or small.

Although there exist optimal values of VPLC and γ for the
most orderly system, there is not an optimal intracellular noise
M. Fig. 7 shows that the coupled system is more orderly if the



Fig. 6. Signal-to-noise ratio R vs γ at a given VPLC=0.012 μM s−1. Star:
M=100 (using left axis); circle: M=500 (using left axis); triangle: M=108

(using right axis).

Fig. 8. Degree of the phase synchronization S vs D at a given γ=1.0 s−1.
Star: VPLC=0.015 μM s−1, M=108; circle: VPLC=0.02 μM s−1, M=108;
triangle: VPLC=0.02 μM s−1, M=500.
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intracellular noise is smaller. In another words, the synchroni-
zation of the system always changes monotonically with the
intracellular noise. To explore whether effects of an extracel-
lular noise upon the synchronization of the system is the same as
that of the intracellular noise, an extracellular noise is
introduced into the mean-field F:

FðtÞ ¼ 1
N

XN
i¼1

xiðtÞð1þ 1ðtÞÞ

ζ(t) is the Gaussian noise with zero mean value and its
correlation function is 〈ζ(t)ζ(t′)〉=D2δtt′, where D denotes the
extracellular noise intensity. We plot the relationship between S
and D in Fig. 8, in which these curves are not monotonous and
demonstrate peaks. However there don't exist an optimal
extracellular noise, instead, these peak values denote the worst
noise strength. For example, when VPLC=0.02 μM s−1,
M=108, the system shows the most disorderly at D=0.9.
From Figs. 7 and 8, it can be concluded that the intracellular and
the extracellular noise play different roles in cells communica-
tion. Since the intracellular noise of each cell are independent,
they generally tend to disturb a cooperative behavior between
cells. However, the extracellular noise are nearly common to all
cells due to their common environment, and this has the effect
of synchronizing the dynamics of all cells by exerting the same
fluctuations on each cell through signal molecules. This view
Fig. 7. Degree of the phase synchronization S vsM at a given VPLC=0.02 μM s−1.
Star: γ=0.1 s−1; circle: γ=0.5 s−1; triangle: γ=1.0 s−1.
had been brought forward in Ref. [22], and it is worth to discuss
this question further in our future work.

4. Conclusions

In this paper, based on Höfer's model and employing sto-
chastic Li–Rinzelmodel to describe the channel flux, intercellular
Ca2+oscillations in coupled hepatocytes have been theoretically
explored. In order to study the synchronization of the multicel-
lular system more efficiently, the mean-field coupling instead of
the gap junctional coupling has been introduced, which has been
used in calcium signal transduction the first time as far aswe know.

We compare the evolution of xi for different values of VPLC

(reflecting the stimulation level) (Fig. 1) and for different
coupling strengths γ (Fig. 2). The relationship between the
degree of the synchronization of oscillations and VPLC or γ is
not monotone. Are there optimal stimulation level and coupling
strength for the synchronization of this system?

Therefore, an order parameter has been introduced to
characterize the degree of the synchronization, which has not
been used to analyze the synchronization of Ca2+ signal in
coupled hepatocytes. Results obtained prove that there exist
optimal stimulation level and coupling strength for the
synchronization of this system. From Figs. 3 and 4, we can
see not only effects of the stimulation level and the coupling
strength on the synchronization of the system, but also a
cooperative relationship between the stimulation level and the
coupling strength. Furthermore, another order parameter S is
introduced to characterize the degree of the phase synchroni-
zation. And signal-to-noise ratio (i.e., the reciprocal of
coefficient of variation) R has been used to measure the
coherence of oscillation events. Although the definitions of O,
S and R are distinct, the results obtained by them respectively
are similar in the extreme (Figs. 4(a), 5, and 6).

Although there exist the optimal value of VPLC and γ for the
most orderly system, there is not an optimal intracellular noise
M (Fig. 7). The stronger intracellular noise tends to make the
system more disorderly. But the extracellular noise introduced
from the mean-field has a different effect.

Above analysis suggests that the stimulation level and the
coupling strength play important roles in the synchronization of
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Ca2+ oscillations in a coupled multicellular liver system. This
conclusion is qualitatively consistent with our previous work
(which described only two and three coupled hepatocytes,
[18,19]). Therefore, it can be concluded that it is correct and
efficient to apply the mean-field coupling to intercellular Ca2+

dynamics in a multicellular system. Furthermore, a comparison
between gap junctional coupling in a detailed three dimensional
model and mean-field coupling will be a subject of future
investigations.
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